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Introduction
Knots and links are integral in the study of three-manifolds. For example, we know that every closed three-manifold can be written as Dehn surgery on a link in S 3 [Lic62] . Here we study a subclass of links, great circle links, where every component of the link is a geodesic in the standard metric on S 3 . This class of links has very natural connections to other areas of mathematics. We hope to show that it is also very beautiful in its own right.
Geodesics in the three-sphere
First we claim that every geodesic g in S 3 is the intersection of a plane in R 4 with the unit three-sphere. Let x, y be two points on g, close enough together so that a geodesic between them is unique. Then the reflection of R 4 though any 3-plane that contains x, y and the origin in R 4 induces an isometry on S 3 that fixes x and y.
Therefore this isometry fixes g. Hence g is in every such 3-plane, and in the unique two-plane through x,y and the origin in R 4 . The intersection of this 2-plane and S
The author knows of no previous efforts to classify great circle links using their complements in S 3 . However, great circle links have been studied fairly extensively in other contexts. For example, a great circle in S 3 is invariant under the action of φ : S 3 → S 3 by φ(x) = −x. Therefore, a great circle link of n components corresponds to a configuration of n lines in RP 3 . Configurations of lines in RP 3 have been classified, up to 6 components, by Viro and Drobotukhina in [VD89] , using totally different, combinatorial methods.
In addition, since every geodesic is naturally identified with a plane through the origin, a link of p great circles corresponds to p points in the Grassmanian of twoplanes in R 4 , G(4, 2). In [CHS96] , Conway, Hardin, and Sloan investigate packings of G(m, n). For G(4, 2) they find a configuration of six points that corresponds to a great circle link with remarkable symmetry properties. Namely, every two circles can be taken to any other two through an orientation-preserving symmetry.
In chapter 2, we classify great circle links up to five components. In general we take the geometric point of view given in [Thu97] as the set-up for the classification.
Connections with rational knots
We also relate great circle links to rational knots. A two-bridge knot is a knot that can be isotoped to have two minima and two maxima, and no less, with respect manifold M where no non-trivial embedded curve on S bounds an embedded disk D in M, with D ∩ S = ∂D. An orientable irreducible three-manifold that contains an incompressible surface is called Haken. Haken manifolds are a very well-understood class of three-manifolds. Using Haken's notion of a hierarchy, Waldhausen [Wal68] showed that Haken manifolds are characterized by their fundamental groups. Specifically, let M and N be irreducible 3-manifolds where any boundary components are incompressible and M is Haken. If φ : π 1 (N) → π 1 (M) is an isomorphism that respects the peripheral structure, then φ is induced by a homeomorphism f : N → M.
(φ respects the peripheral structure if for every boundary component F ⊂ N, the subgroup of π 1 (N) corresponding to the inclusion of π 1 (F ) is mapped to a subgroup that is conjugate to the inclusion of the fundamental group of a boundary component of M. ) W. Thurston also showed that Haken manifolds satisfy his geometrization conjecture. Namely, Haken manifolds can be cut along incompressible tori so that each piece is either a Seifert fibered space or a hyperbolic 3-manifold. A proof of this can be found in the book detailing the proof on the Smith Conjecture, [Smi84] .
However, not all manifolds are Haken. In [HT85] , Hatcher and Thurston showed that all but finitely many fillings of rational knot complements are non-Haken. We say that a manifold is virtually Haken if it is not itself Haken, but has a finite cover that is Haken. If manifold is virtually Haken then it maintains some of the nice properties of Haken manifolds. Most significantly, it still satisfies the geometrization conjecture.
The idea of the proof is roughly as follows. Let M ′ be a Haken cover of a non-Haken manifold M. The set of incompressible tori in M ′ can be isotoped to be invariant under the covering transformations, so M ′ cannot contain any incompressible tori since M is non-Haken. Therefore, M ′ is either Seifert fibered or a hyperbolic manifold.
The case when M ′ is Seifert fibered follows from [Sco83b] .
of M ′ [Thub] . We may assume that M ′ is a regular cover of M after passing to finite cover, which will still be hyperbolic. Then any element g of π 1 (M) not in π 1 (M ′ )
takes π 1 (M ′ ) to itself under conjugation, and hence is identified with an isometry of M ′ . Therefore there is a hyperbolic orbifold N that has fundamental group π 1 (M).
N is a actually a manifold because N is a K(π 1 (M), 1), and the fundamental group of such a complex has no torsion unless the complex is infinite dimensional. This is shown in [Hem76] using the fact that the group homology of Z n , H i (Z n ), is nontrivial for arbitrarily high i. Since M and N are both covered by R 3 they are both K(π 1 (M), 1)'s, and therefore are homotopy equivalent. The main result of [GMT] is that if N is a closed hyperbolic 3-manifold, M is an irreducible manifold, and f : M → N is a homotopy equivalence, then f is homotopic to a homeomorphism.
Since we are in the situation of the hypothesis, M is homeomorphic to a hyperbolic manifold when finitely covered by a hyperbolic manifold.
The virtual Haken conjecture asserts that if M is a closed irreducible threemanifold with infinite fundamental group, then M is finitely covered by a Haken manifold. This implies that M is either Seifert fibered or admits a hyperbolic structure. Much work has been done on this conjecture. In particular, Dunfield and Thurston [DT] have shown that the 10,986 closed hyperbolic manifolds in the snappea census [Wee] are virtually Haken. Cooper and Long proved that most Dehn fillings of a non-fibered atorodial three-manifold with torus boundary are virtually
Haken in their paper, [CL99] . Most recently, Masters, Menasco and Zhang [MMZ] showed that infinitely many fillings of certain twist knots are virtually Haken.
In chapter 3, we show that infinitely many fillings of a large class of two-bridge knots are virtually Haken. The two-fold branched cover of the three-sphere, branched over a rational knot k p/q , is the lens space L p/q . The preimage of the branching locus is an unknot k p/q in the lens space. Furthermore, the q-fold cyclic cover of L p/q is the three-sphere and k p/q lifts to a link D p/q in S 3 . The complement S 3 − D p/q is thus the dihedral cover of S 3 − k p/q . This cover is a great circle link complement.
We explain all this in more detail in chapter 3. We also show that when p/q < 1/4, the dihedral cover of the rational knot complement contains a closed incompressible surface S. We show that infinitely many fillings of the rational knot lift to fillings of the dihedral cover where the incompressibility of this surface is preserved. Thus, infinitely many fillings of a large class of two-bridge knot complements are explicitly shown to be virtually Haken.
Note that many rational knots knots are fibered, and so do not fall under Cooper and Long's hypothesis. Specifically, it follows directly from the work of Gabai, [Gab86] that a two-bridge knot k p/q is fibered if and only if p/q = 1/(a 1 + 1/(a 2 + 1/(a 3 + .....a n ))) where each a i = ±2. Here we are using the fact that a rational knot k p/q with p/q = 1/(a 1 + 1/(a 2 + 1/(a 3 + .....a n ))) can be written as the Murasugi sum of n bands, where the ith band has a i half-twists, see [Bur85, Chapter 12] . Using this, we can easily obtain infinitely many fibered two-bridge knots that are not torus knots and which can be written as k p/q with p/q < 1/4. For example, the knot k 5/23
can be also be written as the knot k 18/23 , using the equivalences of Lens spaces, and 18/23 = 1/(2 + 1/(−2 + 1/(2 + 1/(−2 + 1/(−2 + 1/2))))).
Chapter 2
Classification
In this section, we introduce great circle links and exhibit some of their properties.
We characterize the torus decomposition of the complements of great circle links in S 3 . In addition, we classify great circle links up to five components.
Structure of the three-sphere
For the purposes of understanding the algebra of S 3 , S 3 will be identified with the unit quaternions, where the space of quaternions is H = {q = a+bi+cj+dk : a, b, c, d ∈ R} that has 0 real part is called a pure unit quaternion and we will call this 2-sphere PUQ. Any such p defines two complex structures on the quaternions by left and right multiplication. This is most commonly done with the pure unit quaternion i.
As such we have a notion of p-complex lines in H= R 4 . λx and xλ will be called the left p-line through x and the right p-line through x respectively, where λ = l + mp and l, m ∈ R, and x is any point in H. When the context is clear we will omit the left or right. The restriction of a left or right p-line to the unit 3-sphere S 3 will be called a left or right p-fiber respectively. These fibers are all geodesics.
Lemma 2.1 Every geodesic g in S 3 is a left fiber and a right fiber.
g is the intersection of a 2-plane in R 3 with the unit 3-sphere in R 4 . Any two points
x and y on g are linearly independent, so the plane can be defined as {lx + my :
l, m ∈ R}. This plane intersects the two-sphere PUQ in at least two points. It also intersects the image of this sphere under left multiplication by y yPUQ, in two points. yPUQ is another two-sphere in S 3 , since y ∈ S 3 . Therefore lx + my = yq for some q ∈ PUQ. Furthermore, l 2 + m 2 = 1, since x, y, q ∈ S 3 . This implies that
x and y are in the right q-fiber yλ, where λ = r + sq and r 2 + s 2 = 1. Note that
, so the right q-fiber through y is the exactly the geodesic of S 3 in the plane defined by x and y. The identical method holds for writing g as a left fiber.
Consider the right q-fibers through x and y, x(l + mq) and y(l + mq), where l 2 + m 2 = 1. The distance between two points x and y in S 3 is the change in angle along a geodesic that goes from one to the other. Such a geodesic is a left p-fiber for some p ∈ H, so (r + sp)x = y. Right multiplication by (l + mq) takes this left p-fiber to another p-fiber, preserving the distance between them, since (r + sp)x(l + mq) = y(l + mq). Therefore there is a well-defined distance between two right q-fibers, the shortest distance between a given point x on one fiber and any point on the other fiber. The same argument holds for left fibers.
Lemma 2.2 For every pair of points p,q ∈ PUQ, there is a geodesic in S 3 that is a left p-fiber and a right q-fiber.
First note that the map ψ : S 3 → S0(4) by sending x to the transformation of S 3 that sends y to xyx −1 has image the natural copy of SO(3) ⊂ SO(4) that fixes 1. This transformation leaves the 2-sphere of pure unit quaternions invariant, since it is a fixed distance from 1 in R 4 . The kernal of ψ is ±1, which is finite, so the image is 3-dimensional. Since SO(3) is a connected 3-dimensional group, the image of ψ is all of S0(3). The action of SO(3) is transitive on the 2-sphere PUQ, so there is a x ∈ S 3 such that p = xqx −1 . We claim that the left p-fiber and the right q-fiber of x are the same. The first is {(l + mp)x|l, m ∈ R, l 2 + m 2 = 1}.
(l + mp)x = lx + mpx = lx + mxq = x(l + mq), which is the right q fiber of x. This proves the claim.
We take H as a left C-module. Then H = C 2 by φ : a+bi+cj+dk → (a+bi, c+di).
Stereographically project the unit three-sphere in C 2 so that (1, 0) maps to the origin, and the circles {(z, 0), |z| = 1} and {(0, w)} map to the z-axis ∪∞ and the unit circle in the x-y plane, respectively. Then we can see that any two right p-fibers will wrap around each other with a left-handed twist and any two left p-fibers will wrap around each other with a right-handed twist. Consider some geodesic g in S 3 . Then g is a left and a right fiber. Without loss of generality, consider a left p-bundle and look at the image of g on the quotient 2-sphere. Since g is a right q-fiber, g = {y(l + mq)|l, m ∈ R, l 2 + m 2 = 1}, for some y ∈ S 3 . y is in some left p-fiber, f p . The other fibers that g intersects are f p (l + mq). (Recall that right multiplication by a unit quaternion takes left p-fibers to left p-fibers.) Let h be the geodesic in S 3 that is both a right q-fiber and a left p-fiber. Then any point in g is a fixed distance α from h. The left p-fibers that g intersects are also at distance α from h. Therefore, in the quotient S 2 , the image of g is a fixed distance from the image of h, a point on the sphere. This can only be a point or a circle centered at h.
Note that a geodesic passes through each fiber of a generic geodesic fibration twice because if two geodesics intersect at a point x, then they also intersect at −x. This will be a new link of round circles that pairwise link once that is isotopic to the original link. These circles are the intersection of planes in R 4 that intersect in the interior of the unit B 3 and their intersections are slightly closer to the origin than before. Continue "out to infinity" until the planes do intersect exactly in the origin and we have isotoped our link to be a great circle link. At no point in this process (including the limit) do the circles intersect. Radial projection preserves the normalized distance between points. Taking the intersection of a larger sphere with the same set of planes increases the normalized distance between points on different components, when these planes intersect in the interior of the unit B 3 .
We will consider two great circle links to be equivalent if there is an isotopy between them through great circle links. It is unknown if every two great circle links that are isotopic are isotopic through great circle links. However, we conjecture that there should be such a pair with a high number of link components. The classification that follows shows that there is no such pair with five or fewer components.
Torus Decomposition
Lemma 2.6 An incompressible torus in a great circle link complement is unknotted.
We have a link of n great circles. Pick some component. Therefore, saddles would imply additional genus, and T must be vertical with respect to the fibration. Pick some level, F 0 . Then T ∩ F 0 is a union of circles. An outermost circle must glue to an outermost circle under the monodromy φ since φ is an orientation preserving homeomorphism. Any outermost circle must map to itself since φ takes each puncture to itself. Therefore, if there is one torus component, there will be one circle at each level. At each level this circle bounds a disk on both sides, and the torus bounds a disk ×S 1 on both sides, and so is unknotted.
We call a collection of non-boundary parallel incompressible tori minimal if each component of the complement of the collection is either hyperbolic or the union of fibers of the same Hopf fibration, and no subset of the collection would satisfy this condition. By lemma 2.6, these tori can be taken to be unknotted. Given a component of the complement of a minimal collection of tori, we can obtain a geodesic link in S 3 by adding a link component for each torus in the boundary. We may assume that this new component is a great circle, since there were great circles on both sides of the torus before cutting.
Conversely, suppose that we have two geodesic links, L 1 and L 2 with m and n components. We can obtain a link with m + n − 2 components in the following way.
Pick a link component c 1 of L 1 and a component c 2 of L 2 . Geodesic links in S 3 can be regarded as the intersection of a plane in R 4 with S 3 = {(w, x, y, z)|w 2 +x 2 +y 2 +z 2 = 1}. Without loss of generality, c 1 can be identified with the plane (0, 0, y, z). We can assume that there is a torus neighborhood w 2 + x 2 ≤ δ around c 1 that does not intersect any of the other components of L 1 . We move the other components by letting the planes associated with them flow under vector fields normal to the torus
We claim that the circles associated with these planes will not intersect under this flow. We will indicate a plane in R 4 by a basis, {(w 1 , x 1 , y 1 , z 1 ), (w 2 , x 2 , y 2 , z 2 )}. Two planes P and P ′ intersect in a 1-dimensional or greater vector space exactly when then their unit circles will intersect in a point or coincide. At time t , let plane P and P ′ be moved to the planes represented by {(tw 1 , tx 1 , y 1 , z 1 ), (tw 2 , tx 2 , y 2 , z 2 )} and
}. This will not change the number of solutions to the homogeneous system:
Eventually, the other planes intersect S 3 will satisfy x By the Neilson-Thurston theory of surface automorphisms, φ is isotopic to an automorphism that is either reducible, periodic or pseudo-Anosov, by [Thu88, Theorem 4]. A pseudo-Anosov automorphism will yield a hyperbolic mapping torus, [Thua, Ota01] and a periodic one will yield a Seifert fibered space. If φ is reducible, there are simple closed curves invariant under φ that divide the surface into regions where φ acts either as a periodic or pseudo-Anosov map. These will result in incom-pressible tori described above. This proves the first claim of the lemma, which also follows from the geometrization of Haken manifolds, a proof of which can be found in [Smi84] .
Consider some piece that is Seifert fibered. Then the compact submanifold obtained by deleting an open regular neighborhood of each link component is also Seifertfibered. This is a closed solid torus with some open neighborhoods of interior curves that intersect a meridian disk once removed. The resulting local product structure can be extended over the solid tori to give us a Seifert fibering of S 3 . So now we need to consider Seifert fiberings of S 3 , with base space B. If B has a coverB, then any bundle structure over B with fiber F will extend to a bundle structure overB with fiber F . This bundle will be a covering space of the bundle over B. Therefore, since 
Classification
Now we will classify great circle links with five or fewer components. We know that pure positive and negative Hopf links occur, and that torus sums of lower component links occur. We need to know when these various links are equivalent, and find all hyperbolic links. Although we will use the orientation of S 3 , we classify such links up to unoriented equivalence, and will change the orientation of a component when convenient.
For the great circle links with two or three components, linear algebra is enough to classify them. For four and five component links, we will project a link along a
Hopf fibration and use the fact that all the link components project to round circles on the quotient two-sphere to classify the link. preserving. Topologically, this corresponds to the fact that if we have a link with two unknotted components that link ±1, we can assume that they link +1 after possibly changing the orientation of one of the components.
For three-component links: Move the entire link by an isometry as above so that two of the links are in standard position. The third component will be associated with some two-plane in R 4 linearly independent from the other two. This two-plane is the graph of a linear map from R 2 → R 2 . This is either orientation preserving or orientation reversing, and switching the order of the vectors that define the two-plane will not change this. Topologically, this represents the fact that the 3-component Hopf link 6 3 3 is chiral. Therefore there are two distinct three-component great circle links, denoted by +3 and −3. These are the two three-component links in figure 2.1.
Links with four and five components
For the case of four and five-component links, we will use the fact that the projection of a great circle link along a Hopf fibration is a collection of round circles on the quotient two-sphere, which follows directly from lemma 2.4. There is a circle's worth of points in S 3 that map to a point on the two-sphere, and we will identify this circle with the unit tangent space at the point on the two-sphere. In this way, we are identifying the geodesic with its quotient in RP 3 . This is well-defined since every geodesic in S 3 is invariant under the antipodal map, and its quotient is a geodesic in RP 3 , the tangent space of S 2 . In general the image of a component of a great circle link under the projection will be a round circle on S 2 with a vector field on it that is at a constant angle from the tangent vector field. We want to isotope through great circle links that do not intersect each other. This exactly corresponds to making sure that no two vectors intersect. The two great circles that map onto these circles can be isotoped to "pull apart" their projections.
Note that the the first case we can push the two components apart from each other without their vector fields intersecting. For the second one we can push one inside the other without their vector fields intersecting. These two notions are the same on the two-sphere, but with other components in the projection, this will become important.
Lemma 2.9 There are three four-component great circle links.
Let L be a great circle link in S 3 with four components. Pick three of the components. There is a linear transformation that takes these to a right-handed (positive)
Hopf link or a left-handed (negative) Hopf link. Transform the link by this linear transformation, and project by the Hopf fibration. These three components of L will project to points on the quotient two-sphere. There is only one component of L left, and it projects to a round circle. This circle separates the two-sphere into two disks.
Either all three points corresponding to the other components are on one side of this circle, or the circle separates these points. See figure 2.4 for the possible projections.
In the first case, no other components project onto one of the disks that this circle bounds. There is a solid torus in S 3 that projects onto this disk under the Hopf 
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Again we will project along a Hopf fibration that contains three of the components. Now there are two other components that project to circles on the two-sphere. Assume first that one of these two components can also be isotoped to be a fiber so that For the third row, we can flip the left circle around, push it into the interior of the second circle, and flip the second circle around to get +3 where we have performed torus sum with −3 along two components. If we cannnot do the push, then there are no essential tori (recall incompressible tori are vertical) and our link is hyperbolic.
This link complement is the dihedral cover of the figure-8 knot complement, and will be discussed more later. . This implies in particular that tan α = tan α ′ , which only happens when α = α ′ ± π 2 mod (π). This never happens when α and α ′ are different multiples of 2π q with q odd, the case we are considering.
To understand these links, we will determine the image of the 4 points (±1, 0) and (0, ±1), under the action of φ. The rest of each component will be the straight line (great circle) containing these points.
We will refer to a point on one of the "core axes" {(z, w) ∈ S 3 : w = 0} and {(z, w) ∈ S 3 : z = 0} by the angle the associated vector makes with (1, 0) or (0, 1) in the z or w complex plane in C 2 .
Consider the action of φ 2/5 on the the real great circle, the circle that intersects the z-axis at 0 and π and the w-axis at 0 and π. As we progress by φ 2/5 , the components of the link D p/q will hit the z-axis in the pairs of points {(0, π), ( Observe that if n = . Number the components by the orbit of the real great circle {(z, w) ∈ S 3 :
z ∈ R, w ∈ R} under the action of φ p/q . The components numbered 0, This will be called a standard projection of the link D p/q .
Examples of surfaces in the link complements
We now order the components as they intersect the w-axis, starting with the point (0, e 0i ). The nth component will intersect the w-axis at a point that makes an angle of n( π q ) with (0, e 0i ). We define a genus 2p − 1 surface S n,n+2p−1 for each set of consecutive 2p components along the w-axis. This surface consists of two 2p-holed spheres, with 2p tubes connecting them. We can also think of these surfaces as the boundary of a union of "wedges" and this will be useful later on.
Define a z-disk of radius c to be a disk centered at a point (e 2πiθ , 0) that consists of points (z, w) in S 3 with z-coordinate re 2πiθ , r ∈ R and w-coordinate satisfying |w| ≤ c. The boundary of this disk is a curve on the torus {(z, w) :
A z-wedge of radius c is the union of z-disks for z in some interval (α, β). The center of a z-disk is a point in the z-axis, (e 2πiθ , 0), and we will denote it by θ when the context is clear. w-disks and w-wedges are defined similarly.
Recall that a component of one of the links D p/q looks like {(re n2πi/q , se n2πip/q )|r, s ∈ R, r 2 + s 2 = 1}.
Lemma 3.2 z-disk facts:
1. Two different z-disks (resp. w-disks) of radii c and c ′ intersect only when c = c ′ = 1. Then their intersection is the w-axis (resp. z-axis).
A z-disk of radius c and a w-disk of radius c ′ intersect only when c
If c 2 + c ′2 = 1, then they intersect in the point (ce 2πiβ , c ′ e 2πiγ ).
Every component in a dihedral link is in exactly two z-disks and two w-disks for
any radii. For the component {(re 2πi/q , se 2πip/q )|r, s ∈ R, r 2 + s 2 = 1} these are the two z-disks centered at ±e 2πi/q and the two w-disks centered at ±e 2πpi/q .
We can now easily describe the surface S 0,.. intersect some such interval, since components n and n + p along the w-axis are next to each other along the z-axis. We claim that there will be exactly 2p z-wedges, each containing arcs of the two components that intersect n and n + p on the w-axis, when p/q < 1/4. The arcs labelled n and n + p are consecutive on the z-axis, so they are in the same z-wedge by construction. These will be the only components in this z-wedge. Indeed, the two components immediately above and the two components immediately below n and n + p along the z-axis are labelled n + 2p, n + 3p, n − p and n − 2p and these components are not in the set {0, ...2p − 1} if n and n + p are both in this set. Thus there are exactly two components that intersect a given z-wedge defining the interior of S 0,...2p−1 . Note that we have also shown that there are at least two components intersecting every complementary z-wedge. In Figure 3 .3 below, the two types of wedges will grow until they touch and the boundary of the resulting complex will be the surface S 0,1,2,3 . Although we have described the surface in terms of the handlebody in S 3 that it bounds, we can also describe it directly. There are 4 w-disks, centered at just before 0, just after Note that M ′ is the handlebody minus 2p open solid tori discussed in section 3.1. Now we will cut M ′ into two components, corresponding to the two w-wedges.
Each z-wedge meets a w-wedge in a two-holed disk. The outer boundary component of this two-holed disk is a curve on the surface S. For each z-wedge (which can be thought of as a tube connecting the w-wedges) cut along one of these two-holed disks.
After doing this to all the z-wedges, we will be left with 2 three-balls, M 
′ . We will show:
1. A compressing disk D can be isotoped off of F , the set of 2-punctured disks that we cut along.
2. There is no compressing disk in the complement of these 2-punctured disks.
First we prove 1, by showing that the subset of the boundary consisting of these 2-holed disks is incompressible and boundary incompressible to S.
Let F be any two-holed disk in F , with one boundary curve meeting S. F is incompressible in each piece of M ′ cut along F . The fundamental groups of these pieces are * 2p Z, the free product of 2p copies of Z. The map on fundamental groups induced by inclusion of F into either of these pieces is the natural map Z * Z → Z onto two components, which is an injective map. Therefore, F is incompressible in each piece of M ′ , since F is two-sided, and each of M We will use the fact that each F ∈ F is incompressible and boundary incompressible in both parts of M ′ to show that any compressing disk for S can be isotoped off of F . Consider a compressing disk D for S in M ′ . Then the intersection of D and F is a collection of circles and arcs in D. Suppose that there is an innermost circle of this intersection in D. Then this circle must bound a disk on some F , or else it would be a compressing circle. Therefore, we can isotop F to rid ourselves of this innermost disk, and continue until there are no circles of intersection. Now consider an outmost arc on D. This arc is isotopic to an arc on S, namely part of the boundary of D.
Since F ∈ F is boundary incompressible, it must be trivial in F , and we can isotop D across this disk on F to remove this arc of intersection. Therefore, we can isotop a compressing disk D to remove any outermost arc of F ∩ D in D and hence all arcs.
Thus we can isotop D off all of F .
Recall that each two-holed disk corresponds to a z-wedge that intersects two components of the link D p/q . Two such components will intersect the w-axis in points labeled x and x + pπ q
. Conversely, every two components of the link intersecting the w-axis in points labelled x and x + pπ q will meet two of the two-holed disks, and these two disks will be called corresponding two-holed disks .
To prove 2, suppose there is a compressing disk D for S in M ′ in the complement of F . We cut along F and consider the piece that contains the disk. The boundary curve ∂D separates the collection of 2 punctured disks in this piece of M ′ . If all the two-holed disks are on one side, the curve is trivial. If only one of the two-holed disks is on one side, then the disk D separates corresponding two-holed disks, and intersects the associated components of the link D p/q . Therefore the curve ∂D must separate some corresponding pair of two-holed disks from some other corresponding pair of two-holed disks. These pairs intersect the w-axis in points labelled x and ].
Ignoring the other components, the two pairs in the w-wedge are positioned like those in 3.6, with x as the component closest to us, and y + pπ q as the component in the back. Then if there is a disk that separates the two pairs, we can double it along the boundary curve to get a sphere. This implies that there is a way to glue up the two corresponding pairs of two-holed disks so that the links are separated. This is false, for once we glue one pair of corresponding disks, we will have a solid torus with two link components and two arcs in it. One of the remaining arcs is between the link components that are created, and cannot be isotoped relative to the boundary out of the solid torus.
Dihedral covers of rational knots
In this section, we will show that the link complements S 3 − N(D p/q ) are the dihedral covers of the knot complements,
Note that the homotopy classes of arcs on a four-punctured sphere are indexed by their slopes. Minimize the geometric intersection of an arc with the curves m and l below, where m is the vertical slope, to put the curve in standard form. We say an oriented arc has slope p/q where p is the oriented intersection with l and q is the oriented intersection with m for some orientation of l and m. Without loss of generality, we can orient m and l so that a curve that twists in a right-hand fashion has positive slope. This is similar to the case for curves on the boundary of a solid torus T in S 3 . Let α be a curve that bounds a disk in T and β a curve that bounds a minimal genus surface in S 3 − T with boundary on ∂T . Given some curve c on ∂T , the slope of c is p/q, where p is the oriented intersection with β and q is the oriented intersection with α. We can orient α and β so that a curve of positive slope twists in a right-handed fashion. Again, if we want to put the curve in standard form, we minimize the geometric intersection with α and β. For the complement of the neighborhood of a link in S 3 , we define the curves α and β on each boundary component to be as if there were no other link components.
Definition 3.5 Let B, resp. B ′ be two balls with two standard interior vertical arcs Lemma 3.6 Every two-bridge knot or link can be written as k p/q for some p/q, (p, q) = 1.
We will show that the two-fold cover of S 2 branched along a two-bridge knot is L p/q . In the process, we will perform an isotopy on S 3 that takes a given two-bridge knot to rational form. These two facts were first proven by Schubert, [Sch56] .
Put the knot or link in two-bridge form in S 3 . Then the knot meets a 2-sphere S in 4 points, a, b, c, d. S divides the 3-sphere into two balls each with two unknotted arcs of the knot in them. We call these balls B and B ′ , glued together by h so that h(∂B) = ∂B ′ , and h(B) ∪ B ′ = S 3 . We may assume that the arcs in B ′ (resp. B)
project to straight line segments (arcs of slope 1/0) on S ( resp. h −1 (S).) Our goal is to show that h is isotopic to h p/q , for some p, q, (p, q) = 1. B and B ′ are two-fold (branched) covered by solid tori G and G ′ . We'll identify each of the solid tori with
}. The group of deck transformations is Z 2 and generated by ρ : (z, w) → (z,w). Note this fixes the great circle {(z, w) ∈ S 3 : z ∈ R, w ∈ R} and this intersects the solid torus in the two arcs
, w < 0}. The quotient of this solid torus by ρ will be a ball with two standard arcs coming from A 1 and A 2 .
Leth : ∂G → ∂G ′ be the lift of h that commutes with ρ, ρh = hρ. h has the property that a meridianal curve on ∂G wraps p times around the zdirection (meridian) and q times around the w-direction (longitude) of ∂G ′ , for some p, q ∈ Z, (p, q) = 1. This p/q determines the isotopy class ofh. However, we need this isotopy to commute with ρ. Let c 1 be the meridianal curve {(
and c 2 = {(
), 0 ≤ θ ≤ 2π}. These will both map down to 1/0 arcs on the sphere under the map ρ : (e iα , e iβ ) → (e −iα , e −iβ ). First, minimize the intersection of h(c 1 (θ)) with the two meridianal curves c , then we will have such a disk, and since our maph commutes with ρ, we have two such disks. We can isotopeh in the union of these two disks to reduce the intersection through an equivariant isotopy. Do the same to reduce the
We can similarly reduce the intersection ofh(c 1 ), and thenh(c 2 ) with the d i , through isotopies of h that commute with ρ. Note that the c . p is how many times the curve wraps around in the z-direction, and q is how many times the curve wraps around in the w-direction. We can make this isotopy that straightens the curve equivariant by copying the isotopy on one side of the c ′ i to the other. Now note that the complement of the two (p, q) curves in ∂G ′ is two regions that map to each other under ρ. Also the pre-images of these two regions, the complement of the c i in ∂G, map to each other under ρ. Therefore, we can straighten the rest of the map equivariantly by straightening it on one component of ∂G − (∪c i ) and extending the isotopy by ρ.
Thus, the two-fold cover of S 3 branched along a two-bridge knot or link is a lens space, L p/q . We will call such a two bridge knot k p/q , since the projection of a standard arc in one ball maps to a curve of slope p/q. The knot complement,
covered by L p/q − k p/q , where k p/q is the branching locus.
Lemma 3.7 Assume that q is odd. L p/q − k p/q is q-fold covered by the great circle
Recall that the link D p/q is the orbit of the great circle {(z, w) ∈ S 3 , z ∈ R, w ∈ R} under the action of Z q generated by φ p/q : (z, w) → (e Lemma 3.8 Two two-bridge knots k p/q and k p ′ /q ′ are equivalent iff q = q ′ and p ±1 = ±p ′ ( mod q).
We consider two knots in S 3 to be equivalent if there is a homeomorphism of S 3 that takes one knot to the other. Recall that the two-fold branched cover of S 3 branched along the knot k p/q is the lens space L p/q . The conditions in the lemma are exactly the conditions for the Lens spaces L p/q and L p ′ /q ′ to be homeomorphic [Bro60] . If there is an isotopy of S 3 sending k p/q to k p ′ /q ′ , then the associated lens spaces are homeomorphic and q = q ′ and p ±1 = p ′ (modq). On the other hand suppose
We will consider the lens space L p/q to be the union of two solid tori glued together by φ p/q so that a meridian of one boundary torus glues to a p/q curve on the other boundary torus. Then J commutes with the action of ρ, since ρ is in the center of Map(T 2 ). Therefore J induces a homeomorphism
This is a homeomorphism of S 3 that takes one branching locus (the knot k p/q ) to the other branching locus (the knot k p ′ /q ′ ). By definition, the two knots are equivalent.
Virtually Haken Dehn fillings
Next we discuss Dehn fillings of rational knot complements S 3 − N(k p/q ). We are interested in which of these fillings lift to fillings of the dihedral link complement. Let
where N(D p/q ) denotes a regular neighborhood of the link.
We define the longitude of a component of M p/q to be a curve that bounds a disk in We have shown that when a two bridge knot (or its mirror image) can be written as k p/q where p/q ≤ 1/4, there is a closed incompressible surface S in M p/q , the dihedral cover of S 3 − N(k p/q ). We wish to determine when this surface remains incompressible under Dehn fillings. Since M p/q has q boundary components, a filling of M p/q is denoted by a multiple slope γ = {γ 1 , γ 2 , ...γ q }, where γ i is a slope on the ith torus boundary component T i . For each slope γ i = m/l, we glue a solid torus F to T i so that a curve that bounds a disk on ∂F is glued to a curve of slope m/l. We use the convention that a filling corresponding to a curve of slope 1/0 is called trivial.
If r and s are slopes on a torus boundary component, ∆(r, s) denotes the minimum geometric intersection number between two curves with slopes r and s. Let γ be a multiple slope and β = {β 1 , ...β n } a finite collection of imbedded non-trivial curves
We can think of this as the distance between a complete filling and a partial filling in the case when there is at most one curve of β on each boundary component.
Note that the collection β could contain curves on any subset of the torus boundary components.
A slope on a boundary torus T in a manifold M that contains an incompressible surface S is said to be coannular to S if there is an annulus A in M with one boundary component a non-trivial curve on S and one boundary component on T . The following theorem of Wu in [Wu] gives us sufficient conditions for an essential (π 1 -injective) surface in a manifold with multiple torus boundary components to remain incompressible after Dehn filling.
Theorem 3.9 (Theorem 5.3 of [Wu] ) Let X be a set of tori on the boundary of a compact, orientable hyperbolic 3-manifold W . Let F be a compact essential surface in W with ∂F ⊂ ∂W − X, and let β be the set of coannular slopes to F on X. Then there is an integer K and a finite set of slopes Λ on X, such that F is π 1 -injective in
In light of this theorem, we have immediately: [HT85] , the only fillings of rational knots that do not produce irreducible manifolds are ±2q filling on k p/q with p ≡ ±1(mod q) and 0 filling on k p/q with p ≡ 0(mod q). A cover of an irreducible manifold is also irreducible. The main result of [HT85] shows that all but finitely many Dehn fillings of any rational knots are non-Haken. Therefore, inifinitely many fillings of a rational knot complement k p/q are non-Haken, and also covered by irreducible manifolds that contain a closed incompressible surface, when p/q < 1/4. By definition, these fillings are virtually Haken.
We can make this more explicit by giving the set β and the number K. Similarly, components 2p − 1 and 2q − 1 are coannular to S. All of the other components in their z-wedges are below them, since these components occur at the end of the w-wedge, after ordering the components counterclockwise. They are isotopic to S such that the resulting annuli will have boundary components on ∂M p/q that twist once in a right-handed fashion.
We claim that these are all of the coannular slopes. Since we are ultimately interested in the incompressibility of the surface S we need only consider annuli in a component of M p/q − S. Suppose that one of the other boundary components c is If there is a non-trivial circle of A ∩ P on P , then this circle is also non-trivial in A, since P is incompressible. This implies this circle is boundary parallel on A, so we can isotop A relative to the boundary to remove this circle of intersection. Now consider arcs of A ∪ P . Call the 2 components of P that touches c P c . Then any arcs of A ∩ P are either connecting c and S on P c or trivial on A.
Since P is boundary incompressible, we can isotope A to remove these trivial arcs. Therefore, we can analyze a Dehn filling along a multiple slope as follows. First fill in along the torus boundary components that do not have coannular slopes. By Wu's theorem above, if we have avoided the finitely many slopes in Λ, our surface is still incompressible. Then we fill along the remaining torus boundary components which will still admit coannular slopes. By the theorem 2.4.3 in [CGLS87] , the surface remains incompressible if we fill only along slopes that are at a distance greater than 1 from the coannular slopes. Therefore, we may take K to be 1.
